In this paper, we state and prove a Murnaghan-Nakayama-type formula for computing the characters of the Wenzl (k, l)-representations of the Iwahori-Hecke algebra at a root of unity. We also give a K-version of the formula for an arbitrary field K.
INTRODUCTION
For a commutative ring A and a ∈ A, define H A n (a) to be the A-algebra (with 1) presented by generators g 1 , . . . , g n−1 and by relations: g i g j = g j g i (|i − j| ≥ 2), g i g i+1 g i = g i+1 g i g i+1 and (g i − a)(g i + 1) = 0. If A = C, the C-algebra H A n (a) is denoted by H n (a) for brevity. The algebra H A n (a) is called the Iwahori-Hecke algebra of type A n−1 . Clearly H A n (1) coincides with the group algebra AS n of the symmetric group S n . If A is a field of characteristic zero, then H A n (a) is isomorphic to AS n if and only if a(1 + a)(1 + a + a 2 ) · · · (1 + · · · + a n−1 ) = 0 (see [6] ); if H A n (a) and AS n are not isomorphic, then their representation theories are quite different (see [1] ). The Murnaghan-Nakayama formula is a formula for computing the irreducible characters of CS n (see [11, I.7 . Ex.5]). Ram [12] gave a Murnaghan-Nakayama-type formula for computing the irreducible characters of H E n (t), where E := C(t) is the field of rational functions in the variable t (see also [10, 15] ). Let k, l be integers such that 1 ≤ k < l. Let ζ ∈ C be a primitive l-th root of unity. The (k, l)-representations of the C-algebra H n (ζ), which were introduced by Wenzl [17] for the purpose of constructing examples of subfactors, form a subset of a complete set of inequivalent irreducible representations of H n (ζ). After his introduction, they were also used to study conformal field theories [5, 13] and Witten-type quantum invariants of three dimensional manifolds [14, 18] . The main purpose of this paper is to give a MurnaghanNakayama-type formula for computing the characters of the (k, l)-representations of H n (ζ) (see Theorems 0.1 and 1.4).
A sequence λ = (λ 1 , . . . , λ k ) of k integers is called a (k, l)-partition if λ 1 ≥ . . . ≥ λ k ≥ 0 and λ 1 − λ k ≤ l − k. Let Λ (k,l) n be the set of (k, l)-partitions λ such that λ 1 + · · · + λ k = n. The set Λ (k,l) n is in one to one correspondence to the set of the (k, l)-representations of H n (ζ). For λ ∈ Λ (k,l) n , let π n , let L (k,l) (λ) be the sequence (µ 1 , . . . , µ k ) of k integers such that µ i = λ i+1 − 1 for 1 ≤ i ≤ k − 1, and µ k = λ 1 − l + k − 1. Notice that L (k,l) (λ) ∈ Λ (k,l) n−l if and only if λ 1 − l + k − 1 ≥ 0. For 1 ≤ a ≤ b ≤ n, define T (a,a+1,...,b) = g a g a+1 · · · g b−1 , and define T (a) = 1. If m ≤ n, we identify H m (ζ) with the subalgebra (with 1) of H n (ζ) generated by g 1 , . . . , g m−1 .
The following is a paraphrase of our main result, Theorem 1.4 (see also Theorem 2.4).
Theorem 0.1. Let m, n be integers such that 0 ≤ m < n. Let X be an arbitrary element of H m (ζ). Let λ ∈ Λ (k,l) n and µ = L (k,l) (λ). Then:
µ (X · T (m+1,...,n−l) ) if m < n − l and µ ∈ Λ (k,l)
n−l , 0 if m < n − l and µ / ∈ Λ (k,l)
n−l ,
In the text, we treat H n (q)'s for all q ∈ C × simultaneously. In the case where 1 + q + · · · + q i−1 = 0 for all i ∈ N, we regard l as ∞ and recover the formula obtained from the Ram formula [12] by substituting q for t (see Theorem 3.7). However our proof is quite different from Ram's. He used several facts about symmetric polynomials. We calculate χ
with n ≤ l (see Lemmas 2.7 (ii) and 2.8 (ii)). We also calculate the multiplicity of π
n−m (see Proposition 3.5). Let K be an arbitrary field. Let x ∈ K × be such that Card{1 + x + · · · + x i−1 |i ∈ N} equals the above l. If x = 1, then H K n (x) = KS n , and the characteristic of K equals l if l < ∞, and
(see Lemma 5.1). We give an entirely similar formula for computing the character of W (k,l) λ to that in Theorem 1.4 (see Theorem 5.5). We also show that W (k,l) λ is isomorphic to the Dipper-James [4] irreducible H K n (x)-module D λ corresponding to the same λ (see Theorem 5.4) . This is done by using the Brundan theorem [2] .
The author would like to thank Seiji Kohno, with whom he had many invaluable discussions on this wark and Kohno's paper [9] . He also thank Masato Okado, who told him a result in [5] , which was used to prove Proposition 3.5.
Throughout this paper, q denotes a fixed non-zero complex number. Let
Then l(exp(2π √ −1/a)) = a for a ∈ N with a ≥ 2, and l(1) = ∞. We shall also denote l(q) by l for brevity. Define H n (q) to be the C-algebra (with 1) presented by generators g 1 , . . . , g n−1 and by relations:
The algebra H n (q) is called the Iwahori-Hecke algebra af type A n−1 (see [3] ). As in [11, I .1], we say that an infinite sequence λ = (λ 1 , λ 2 , . . .) of non-negative integers is a partition if λ i ≥ λ i+1 for all i, and if Card{i|λ i > 0} is finite. If a ∈ N is such that λ a = 0, then the partition λ shall also be denoted by the finite sequence (λ 1 , . . . , λ a−1 ) for brevity. Let ℓ(λ) := Card{i|λ i > 0} and |λ| := λ 1 + · · · + λ ℓ(λ) . If |λ| = n, we say that λ is a partition of n. The conjugation λ ′ of a partition λ is the partition such that λ Notice that ℓ(λ) and |λ| equal the numbers of rows and boxes of the Young diagram of λ respectively. Notice that λ ′ i equals the number of boxes in the i-th column of the Young diagram of λ. If β is a box in an i-th row and a j-th column of λ, we say that β is a box in position (i, j) in λ.
If µ, λ are partitions such that µ i ≤ λ i for all i, write µ ⊂ λ. For partitions µ, λ with µ ⊂ λ, the skew diagram λ/µ is a diagram obtained from the Young diagram of λ by deleting the first µ i boxes of its i-th row for 1 ≤ i ≤ ℓ(µ). Let |λ/µ| = |λ| − |µ|. The partition λ itself is also identified with the skew diagram λ/o, where o := (0) ∈ Λ 0 . (9, 8, 7, 7 , 2)/ (7, 5, 3, 3) .
FIG. 2. The skew diagram
We also need the following notation for skew diagrams. Notice that r(λ/o) = r(λ) = ℓ(λ) and c(λ/o) = c(λ) = ℓ(λ ′ ). Let Λ be the set of partitions. For n ∈ N, let Λ n be the set of partitions of n. For three partitions ν, µ, λ with ν ⊂ µ ⊂ λ and |µ/ν| = |λ/µ| = 1, let
where i is such that µ i − ν i = 1 and j is such that 
n , and let π
if and only if µ equals λ as a partition.
(iii) Assume l > n. Then H n (q) is semisimple, and { π
A skew diagram λ/µ is a border strip if it is connected, i.e., cc(λ/µ) = 1, and contains no 2 × 2 block of boxes. A skew diagram λ/µ is a broken border strip if it contains no 2 × 2 block of boxes.
The following nonstandard terminology concerning broken border strips is important for this paper.
In Fig The (k, l)-core of a (k, l)-skew diagram pair (λ, µ) is the (k, l)-skew diagram pair defined as follows:
where
and µ ∈ Λ n , define a (k, l)-generalized strip pair tableau U of shape λ and weight µ to be a sequence of (k, l)-partitions
For a (k, l)-generalized strip pair tableau U of shape λ and weight µ, define
The symmetric group S n has a presentation with generators s 1 , . . . , s n−1 and with relations s
and, for each 1 ≤ i ≤ n, define G ii = 1 ∈ H n (q), τ ii = 1 ∈ S n . Notice that each element w of S n can be expressed uniquely as
This is a reduced expression of w; see [3] for this terminology. If w can be expressed as above, put
Then {T w |w ∈ S n } is a basis of H n (q) (see [3] ). For µ ∈ Λ n , define
; the definition of π (k,l) λ was given in Theorem 1.2 (ii). We can now state the main result of this paper.
where the sum is taken over all (k, l)-generalized strip pair tableaux U of shape λ and weight µ.
This theorem is an immediate consequence of Lemma 2.3 and Theorems 3.7 and 4.2.
By Theorem 2.4, which is entirely similar to [12, Theorem (5.1)], we see that for any Y ∈ H n (q), the character value χ and µ = (15, 6, 4) ∈ Λ 25 . By Theorem 1.4, we see that a0  a0  a1  a1   a0  a1  a1  a2   a1  a1  a2  a2   a2  a2  a2  b1   b1  b1  b1  b1   b1  c0  c0  c0   c0  a0  a0  a0  a1   a1  a1  a1  a1   a1  a2  a2  a2   a2  a2  b1  b1   a2  b1  b1  c0   b1  b1  c0  c0   c0 FIG. 4. The (4,6)-generarized strip pair tableaux of shape (7, 6, 6, 6) and weight (15, 6, 4).
SOME CHARACTER VALUES
First of all we use a similar argument to that in [5, Section 1] . We say that a C-linear function f :
For 0 ≤ m ≤ n, we identify H m (q) with the subalgebra (with 1) of H n (q) generated by g 1 , . . . , g m−1 . For 0 ≤ a ≤ m ≤ n, and for X ∈ H a (q), Y ∈ H m−a (q), define
This follows immediately from the definition of π 
, we say that α is a composition of n. Denote by Ω n the set of compositions of n. Clearly Λ n can be viewed as the subset of Ω n . For α ∈ Ω n , define
and define
and α ∈ Ω n . Let m = ℓ(α). Then:
where the sum is taken over all sequences
This follows immediately from Lemma 2.2. 
The coefficients a λ,X can be calculated by a recursive formula; see the proof of [12, Theorem (5.1)].
Lemma 2.5. Let (λ, µ) be a (k, l)-skew diagram pair. Let n = |λ/µ|. Then: 
and let
where we agree that ∆ (k,l) (λ, µ ν) = 1 if |λ/µ| = 1, and
where the sum is taken over all (k, l)-partitions µ such that |µ| = |λ| − 1 and µ ⊂ λ. For a (k, l)-skew diagram pair (λ, µ) with |λ| = |µ| + 1 ≥ 2, we have
where the sum is taken over all (k, l)-partitions ν such that |ν| = |λ| − 2 and ν ⊂ µ.
As in [11] , we also use Frobenius' notation for partitions: for m ∈ N and 2m integers a i , A partition λ is a hook if λ = (b|a) for some a, b.
n . Assume that λ is not a hook. Then:
where the sum is taken over all hooks (b|a) such that a ≥ 1, b ≥ 1, (b|a) ∈ Λ (k,l) and (b|a) ⊂ λ.
is not a hook, there exists a unique integer m, 3 ≤ m < n, such that λ (m) = (m − a − 1|a), λ (m+1) = (m−a−1, 0|a, 0) for some a ∈ N. Then the equality follows from Lemma 2.5.
and
(iii) Assume that a ≥ 1 and b ≥ 1. Then:
Proof. (i) Use induction on a + b, the case a + b = 1 being clear. Let a + b ≥ 2. Consider now (2.3). If µ is a partition such that µ ⊂ (b|a − 1), then µ is also a hook. The equality (2.3) is obtained by using (2.2). The equality (2.4) can also be obtained similarly.
(ii) This follows immediately from (i) and (2.1).
(iii) If a + 1 = k and b + k = l, then we have
by (2.2) and (i). If a + 1 < k or b + k < l, then we have
by (2.2) and (i).
n . (i) Assume that λ is not a hook. Then:
otherwise.
(ii) Assume n ≤ l. Then ∆ (k,l) (λ) = 0 if and only if λ is a hook, i.e., λ = (n − a − 1|a) for some a, y ≤ a ≤ z, where
Proof. (i) Notice that (l − k|k − 1) ⊂ λ if and only if ℓ(λ) = k and ℓ(λ ′ ) + k > l. By Lemmas 2.6 and 2.7 (iii), we have
Assume that ℓ(λ) = k and ℓ(λ
)). (ii) This follows immediately from (i) and Lemma 2.7 (ii).
3. SOME MULTIPLICITIES
). By Lemma 2.2, we have
By Lemmas 2.1 and 2.2, we have
for λ ∈ Λ (i) Assume that n + k ≤ l. Then:
, and λ/µ is a horizontal strip, 0 otherwise.
(ii) Assume that n ≤ k. Then:
Lemma 3.2. Keep the notation of Proposition
where we agree that
Proof. (i) It follows from Lemma 2.2 and Proposition 3.1 that
(ii) This follows immediately from (i). Then it follows that
for a, b ∈ Z and m ∈ Z + . 
Proof. Let P be the set of all ν ∈ Λ (k,l) having the following properties:
ν/µ is a horizontal strip such that |ν/µ| = b + 1 and ν 1 − µ k + k ≤ l, and (III) λ/ν is a vertical strip such that |λ/ν| = a + 1.
Then, by Lemmas 2.1, 2.2 and Proposition 3.1, we have
In this case, l is finite. We divide boxes in λ/µ into the following three groups: 1) boxes each of which is either 1-1) the rightmost box in the first row of λ/µ, or 1-2) a box such that there is a box in λ/µ immediately above it, 2) boxes each of which is such that there is a box in λ/µ immediately to its right, 3) other boxes.
In Fig. 6 , where k = 10 and l = 24, the boxes in 1), 2) and 3) are labeled with v, h and x respectively. Let X be the set of boxes in 3). Then Card X = cc − 1. Let HS be the set of boxes in 2). Then Card HS = c − cc. Let Q be the set of subsets X ′ of X such that Card X ′ = (b + 1) − (c − cc). Then there exists a unique bijective map Φ : Q → P such that the horizontal strip Φ(X ′ )/µ is formed by all boxes in HS ∪ X ′ . It is clear from
. The equality (3.3) forces us to finish the proof for case (ii). Case (iii). (λ, µ) is a (k, l)-TBBSP such that ω = 0. Divide boxes in λ/µ into the following three groups:
1)
′ boxes each of which is such that there is a box in λ/µ immediately above it, 2) ′ boxes each of which is such that there is a box in λ/µ immediately to its right, 3)
′ other boxes.
Then we can be done with case (iii) in the same way as in case (ii) with the groups 1) ′ , 2) ′ , 3) ′ in place of the groups 1), 2), 3).
Proposition 3.5. Keep the notation of Lemma
n . Then:
This follows immediately from Lemmas 3.2 (ii) and 3.4.
Case (2): (λ, µ) is a (k, l)-TBBSP. We use induction on k − a. First assume a = k − 1. Since λ/µ is a broken border strip, it follows from Lemma 3.3 (i) that c − b − 1 = c + k − n − 1 = cc − 1 + k − r. By Lemmas 3.2 (i) and 3.4, we have 
and we are done with case (2). The proposition is proved. 
Let z, y be as in Lemma 2.8 (ii). From Lemma 3.3 (ii) and from the fact that c − ω + k ≤ l, it follows that cc − ω ≥ 1, n − c + ω ≥ y and z ≥ r − 1.
(3.4)
We have
(by Lemma 2.7 (ii) and Proposition 3.5)
(since r − y − 1 ≥ cc − 1 − ω by (3.4) and Lemma 3.3 (i))
. By Proposition 3.5, C (k,l) (λ; µ, (l − k − 1|k − 1)) = 1. By (3.1) and Lemma 2.7 (ii), we have
n . If ν is a hook, then C (k,l) (λ; µ, ν) = 0 by Proposition 3.5. If ν is not a hook, then ∆ (k,l) (ν) = 0 by Lemma 2.8 (ii). By (3.1), we have ∆ (k,l) (λ, µ) = 0, which completes the proof.
As an immediate consequence of Proposition 3.6, we can recover the following result due to Ram [12] . 
INVARIANCE WITH SOME BORDER STRIPS
Throughout this section, we assume that l < ∞. Inspired by [16] , we introduce the following map. Define the map 
for λ, µ ∈ Λ (k,l) with λ ⊃ µ and |λ/µ| = n and for all Y ∈ H n−l (q).
Proposition 4.1. Let (λ, µ) be a (k, l)-skew diagram pair such that |λ/µ| > l. Then:
(by Lemma 2.2 and Proposition 3.1)
(by (4.1)).
where m = |λ/ν|/l, c co = c(ν/µ), r co = r(ν/µ), cc co = cc(ν/µ) and ω co = ω(ν, µ, k, l).
This follows immediately from Propositions 3.6 and 4.1.
EXTENTION FOR AN ARBITRARY FIELD
In this section, we show that π
is equivalent to a representation afforded by the Dipper-James [4] irreducible H n (q)-module corresponding to λ.
Fix an element z of C × which is transcendental over Q. Let K be an arbitrary fixed field. Fix x ∈ K × . Define H K n (x) to be the K-algebra (with 1) presented by generators g 1 , . . . , g n−1 and by the same relations as in (1.1). Then H K n (x) has a basis {T w |w ∈ S n }, where T w is defined in the same way as in (1.2). Define
As in the previous sections, l K (x) = l(q) is also denoted by l for brevity.
Let F be the subring of C generated by q and q −1 . Define the ring homomorphism α KF : F → K by α KF (q) = x. Define the subring G of C to be (F − ker α KF ) − Now we recall a result due to Brundan [2] and adopt the terminology introduced there. In particular, let D λ denote D λ ′ . Define the map res l : N × N → Z/J by res l (i, j) = i − j + J, where J = lZ if l < ∞, and J = {0} if l = ∞. For a partition λ, let R(λ) := {i ∈ N|λ i = λ i+1 }. For λ ∈ Λ n and i ∈ R(λ), define λ(i) ∈ Λ n−1 to be the partition such that λ(i) j = λ j − δ ij for 1 ≤ j ≤ ℓ(λ).
For i ∈ R(λ), let B i (λ) := {j ∈ R(λ) | j ≥ i, res ℓ (i, λ i ) = res ℓ (j + 1, λ j+1 + 1) }, and C i (λ) := {j ∈ R(λ) | j > i, res ℓ (i, λ i ) = res ℓ (j, λ j ) }.
For i, j ∈ R(λ) with i ≤ j, let B j i (λ) := {a ∈ B i (λ) | a ≤ j} and C j i (λ) := {a ∈ C i (λ) | a ≤ j}. Let R normal (λ) denote the set of all i ∈ R(λ) such that for all j ∈ R(λ) with i ≤ j, CardB where a ∈ Z is such that 1 ≤ a ≤ l − 1 and n − a ∈ (l − 1)Z. where the sum is taken over all strict (k, l)-generalized strip pair tableaux SU of shape λ and weight µ.
